Abstract. We prove a super Frobenius formula for the characters of the cyclotomic Hecke algebras by applying the super Schur-Weyl reciprocity between the quantum superalgebras and cyclotomic Hecke algebras, which is a super analogue of the Frobenius formula in (T. Shoji, J. Algebra 226: 2000, 818-856) and a cyclotomic analogue of the super Frobeinus formula in (H. Mitsuhashi, Linear Multilinear Algebra 58: 2010, 941-955).
Introduction
In [5] , Frobenius gave a formula of computing the characters of the symmetric group, which is often referred as the Frobenius formula. In his study of representations of the general linear group, Schur [14, 15] showed the Frobenius formula can be obtained by the classical Schur-Weyl reciprocity. After Schur's classical work, Schur-Weyl reciprocity has been extended to various groups and algebras. Among them, two remarkable extensions for us are the super type extensions [4, 16] and the (cyclotomic) quantum type extension [2, 6, 7, 9, 11] . In [20] , we establish a super Schur-Weyl reciprocity between the cyclotomic Hecke algebra H and the quantum superalgebra U q (g).
Based on the Schur-Weyl reciprocity between the Iwahori-Hecke algebras of type A and the quantum enveloping algebra of gl(n) given by Jimbo [7] , Ram [12] gave a q-analogue of Frobenius formula for the characters of the Iwahori-Hecke algebras of type A. A super Frobenius formula for the characters of the Iwahori-Hecke algebras of type A was given by Mitsuhashi in [10] by virtue of the Schur-Weyl reciprocity between the Iwahori-Hecke algebras of type A and the quantum superalgebra [9, 11] . An extension of Frobenius formula for the characters of cyclotomic Hecke algebra of type G(m, 1, n) is found in [17] by applying the Schur-Weyl reciprocity between cyclotomic Hecke algebras and quantum algebras given in [13] .
Motivated by these works, we prove a super Frobenius formulas for the characters of the cyclotomic Hecke algebras by applying the super Schur-Weyl reciprocity mentioned above. More precisely, let P m,n be the set of multipartitions of n and let T (µ) ∈ H be the standard element of type µ = (µ (1) ; µ (2) ; . . . ; µ (m) ) ∈ P m,n (see 4.2) . It is known by Ariki and Koike [1] that the irreducible representations of H are indexed by P m,n . We let S λ denote the irreducible H-module corresponding to λ ∈ P m,n and by χ λ its irreducible character. Then the characters χ λ of H are completely by their values on T (µ) for all µ ∈ P m,n (see [17, Proposition 7.5] ). The super Frobenius formula states that
where q µ (x/y; q, Q) is a certain polynomial, which can be described by using super Hall-Littlewood functions q n (x/y; t), and S λ (x/y) is the supersymmetric Schur function associated to a multipartition λ (see 3.3, 3.5, 4.6 and Theorem 4.7).
This paper is organized as follows. In Section 2 we review briefly the definitions of quantum superalgebra and cyclotomic Hecke algebras, and the super Schur-Weyl reciprocity. Section 3 deals with the supersymmetric functions, in particular, we introduce the super Schur functions associated to multipartitions and the super Hall-Littlewood functions. The super Frobenius formula for the characters of cyclotomic Hecke algebras is proved in last section.
Throughout the paper, we assume that K = C(q, Q) the field of rational function in indeterminates q and Q = (Q 1 , . . . , Q m ). For fixed non-negative k, ℓ with k + ℓ > 0, we define the parity function i → i by
Assume that k 1 , . . . , k m , ℓ 1 , . . . , ℓ m are non-negative integers satisfying
Preliminaries
In this section we recall the definitions of quantum superalgebra and cyclotomic Hecke algebras and some known facts which are need in the following sections.
2.1. Recall that the Lie superalgebra gl(k|ℓ) is the (k + ℓ) × (k + ℓ) matrices with Z 2 -gradings given by
and Lie bracket product defined by defined by
The free abelian group
is called the weight lattice (resp. dual weight lattice) of gl(k|ℓ), and there is a symmetric bilinear form ( , ) on h * = C ⊗ Z P defined by
Then the simple roots of gl(k, ℓ) are α i = ǫ i − ǫ i+1 , i = 1, . . . , k + ℓ − 1. We have positive root system Φ + = {α i,j = ǫ i − ǫ j |1 ≤ i < j ≤ k + ℓ} and negative root system Φ − = −Φ + . Define α i,j = i + j and call α i,j is an even (resp. odd) root if α i,j = 0 (resp. 1). Note that α k is the only odd simple root. Denote by ·, · the natural pairing between P and P ∨ . Then the simple coroot α ∨ i corresponding to α i is the unique element in P ∨ satisfying α
Definition ( [18]
). The quantum superalgebra U q (gl(k|ℓ), i.e., quantized universal enveloping algebra of gl(k|ℓ) is the unitary superalgebra over K generated by the homogeneous elements
with a Z 2 -gradation by letting E k = F k = 1, E a = F a for a = k, and K i ±1 = 0. These generators satisfy the following relations:
It is known that U q (gl(k|ℓ)) is a Hopf superalgebra with comultiplication ∆ defined by
2.3. Let V be a superspace over K with dim V = k|ℓ, that is V = C k|ℓ ⊗ C K, and let B = {v 1 , . . . , v k+ℓ } be its homogeneous basis withv i =ī. The vector representation Ψ of U q (gl(k|ℓ)) on V is defined by
others.
For a positive integer n, we can define inductively a superalgebra homomorphism
for each n ≥ 3, where ∆ (2) = ∆. Therefore, Ψ can be extended to the representation on tensor space V ⊗n via the Hopf superalgebra structure of U q (gl(k|ℓ)) for each n, we denote it by Ψ ⊗n . According to [3, Proposition 3.1], (Ψ, V ) is an irreducible highest weight module V (ǫ 1 ) with highest weight ǫ 1 and V ⊗n is complete reducible for all n. We may identify v
Assume
. . , i n ) ∈ I (n; k|ℓ), we
} is a basis of V ⊗n . We will identify B ⊗n with I (n; k|ℓ), that is, we will write v i by i, v i by i, c a (v i ) by c a (i), etc., for i ∈ I (n; k|ℓ) and use these notations freely.
Clearly, the Lie superalgebra gl(k i |ℓ i ) can be viewed as a subalgebra of gl(k|ℓ) for all i = 1, . . . , m. Therefore the Lie superalgebra g = gl(k 1 |ℓ 1 ) ⊕ · · · ⊕ gl(k m |ℓ m ) is a subalgebra of gl(k|ℓ) and its quantum superalgebra U q (g) can be naturally embedded in U q (gl(k, ℓ)) as a K-subalgebra generated
Hence U q (g) acts on V ⊗n by the restriction of Ψ ⊗n , we also denote the action by Ψ ⊗n .
2.5. Recall that a composition (resp. partition) λ = (λ 1 , λ 2 , . . .) of n, denote λ |= n (resp. λ ⊢ n) is a sequence (resp. weakly decreasing sequence) of nonnegative integers such that |λ| = i≥1 λ i = n and we write ℓ(λ) the length of λ, i.e. the number of nonzero parts of λ. A multicomposition (resp. multipartition) of n is an ordered tuple λ = (λ (1) ; . . . ; λ (m) ) of compositions (resp. partitions) λ i such that n = m i=1 |λ i |. We denote by P m,n the set of all multipartitions of n and by C (n; m) the set of all multicompositions of n with length ≤ m.
A partition λ = (λ 1 , λ 2 , · · · ) ⊢ n is said to be a (k, ℓ)-hook partition of n if λ k+1 ≤ ℓ. We let H(k, ℓ; n) denote the set of all (k, ℓ)-hook partitions of n, that is
A multipartition λ = (λ (1) ; . . . ; λ (m) ) of n is said to be a (k, (k m , ℓ m ) ), irreducible representations of U q (g) occurring in V ⊗n are parameterized by the (k, ℓ)-hook multipartitions of n, that is, the irreducible representations of U q (g) occurring in V ⊗n are parameterized by H(k|ℓ; m, n).
2.6. Let W m,n be the complex reflection group of type G(m, 1, n), that is, W m,n is the group generated by s 1 , s 2 , . . . , s n subjected the relations
It is well-known that W m,n ∼ = (Z/mZ) n ⋊ S n , where s 2 , . . . , s n are generators of the symmetric group S n of degree n corresponding to transpositions (1 2), . . ., (n−1 n).
For a = 1, . . . , n, let t a = s a · · · s 2 s 1 s 2 · · · s a and define
Then {w(µ)|µ ∈ P m,n } is a set of conjugate classes representatives for W m,n .
The Ariki-Koike algebra, i.e., the cyclotomic Hecke algebra H = H m,n (q, Q) associated to W m,n is the unital associative K-algebra generated by g 1 , g 2 , . . . , g n and subject to relations
If s i1 s i2 · · · s i k be a reduced expression for σ ∈ S n . Then g σ := g i1 g i2 · · · g i k is independent of the choice of reduced expression and {g σ |σ ∈ S r } is linear basis of the subalgebra H n (q) of H generated by g 2 , . . . , g n .
2.7.
For s a = (a − 1, a) ∈ S n and i = (i 1 , . . . , i a−1 , i a , . . . , i n ), we define the following right action
Following Sergeev and Berele-Regev, we define a right action φ :
For a = 2, . . . , n, we define the endomorphisms T a , S a ∈ End K (V ⊗n ) as follows:
(2.8)
and let Ω j (i) := Q cj (i) i for j = 1, . . . , n. Finally, we define T 1 ∈ End K (V ⊗n ) by letting
It is shown in [20, Theorem 4.12] that Φ : g i → T i (1 ≤ i ≤ n) is an (super) representation of H on V ⊗n . Furthermore, the following Schur-Weyl reciprocity between U q (g) and H holds.
Theorem ( [20, Theorem 5.13]).
The Ψ ⊗n (U q (g)) and Φ(H Q,q (m, n)) are mutually the fully centralizer algebras of each other, i.e.,
More precisely, there is a U q (g)-H-bimodule isomorphism
where V (λ) is the irreducible U q (g)-module indexed by λ. 
Following [17, §3.6] , let H ♮ be the associative algebra over K generated by g 2 , . . . , g n and ξ 1 , . . . , ξ n subject to the following relations:
Then H ♮ is isomorphic to H due [17, Theorem 3.7] . Moreover, the linear map Φ :
Supersymmetric functions
In this section we introduce the supersymmetric functions indexed by multipartitions. We will follow [8] with respect to our notation about symmetric functions unless otherwise stated.
3.1. Let x, y be sets of k, ℓ indeterminates respectively as follows
We linearly order the indeterminates x We identify the indeterminates x
ℓm with the indeterminates x 1 , . . ., x k , y 1 , . . . , y ℓ as follows:
. . .
. . , x k ] S k be the ring of symmetric functions of k variables and (Λ k ) Q = Λ m ⊗ Z Q. We denote by Λ k,ℓ the ring of polynomials in x 1 , . . . , x k , y 1 , . . . , y ℓ , which are separately symmetric in x's and y's, namely
We denote by S λ (x) = S λ (x 1 , . . . , x |λ| ) the Schur function in variables x 1 , . . . , x |λ| corresponding to a partition λ. Following [4, §6] , the supersymmetric Schur function
is defined as
where λ ′ /µ ′ is the conjugate of the skew partition λ/µ. The skew Schur function
, where the coefficients c For a multipartition λ = (λ (1) ; . . . ; λ (m) ) of n, we define the supersymmetric Schur function associated with λ by
which is a super analogue of the Schur function associated to multipartitions defined in [17, (6 
3.4. Recall that for λ ∈ P m,n , the k|ℓ-semistandard tableau t of shape λ is a filling of boxes of λ with variables x, y such that for each i: i) ) is a tableau and the y part is a skew tableau;
(b) The x part is nondecreasing in rows, strictly increasing in columns; (c) The y part is nondecreasing in columns, strictly in creasing in rows.
We denote by std k|ℓ (λ) the set of k|ℓ-semistandard tableaux of shape λ and by s m,n (λ) its cardi- For a k|ℓ-semistandard tableau t of shape λ we define
where z a,b is the variable in x (i) or y (i) filled in the box (a, b) of the ith component t (i) of t. It follows from [4] that for λ ∈ H(k|ℓ; m, n), we have
t(x/y).
3.5. For positive integer a, let q a (x; t) be the Hall-Littlewood symmetric function for the variables
, which is defined by
It is known that the generating function for the q a (x; t) is
Following [10] , we define the super Hall-Liitlewood function q a (x/y; t) ∈ (Λ k,ℓ ) Q(t) as follows:
From the definition of q a (x/y; t), we have (see [10, (2 
The super Frobenius formula
In this section, we define an operator D on V ⊗n and compute the trace of product of D and standard elements of H, which enable us present the super Frobenius formula for the characters of
. . , z k+ℓ ) be the field of rational functions on K. In the remainder of this paper, we assume that H, U q (g), V , etc., are defined over K ′ and use the same notations such as H, U q (g), V , etc. Let us remark that Theorem 2.9 holds for K ′ .
Let
For i = (i 1 , . . . , i n ) ∈ I (n; k|ℓ), we define wt(i) = (c 1 , . . . , c k+ℓ ) with c a equaling the times of a appearing in i. Given c ∈ C (n; k|ℓ), let V ⊗n c be the subspace of V ⊗n defined by V ⊗n c = Span K ′ {v i |i ∈ I (n; k|ℓ) with wt(i) = c} .
For i = 1, . . . , k + ℓ, we define P i ∈ End K ′ (V ) to be the projections from V to itself, that is,
Then P c is a projection from V ⊗n to V ⊗n c . Let us remark that P c commutes with the action of H, which means P c belongs to Ψ ⊗n (U q (g)).
For c = (c 1 , . . . , c k+ℓ ) ∈ C (n; k|ℓ), we let z c = z From now on, we replacing z 1 , . . . , z k by x 1 , . . . , x k and z k+1 , . . . , z k+ℓ by −y 1 , . . . , −y ℓ . Then we have the following facts.
4.1. Proposition. For any h ∈ H, we have
Proof. Note that D ∈ Φ(U q (g)), by virtue of Theorem 2.9, it is enough to show that Trace(D,
where D (i) is the operator on V For a ≥ 2, we put T (a, i) = ξ i a T a · · · T 2 . Then for each partition µ = (µ 1 , µ 2 , . . .) ⊢ n, we define T (µ, i) = T (µ 1 , i) × T (µ 2 , i) × · · · and for µ = (µ (1) ; µ (2) ; . . . ; µ (m) ) ∈ P m,n , we define the standard element of type µ as follows:
More generally, we define T (w) = ξ c1 1 · · · ξ cn n T σ for w = t Note that for any i ∈ I + (n; k|ℓ), i may be written uniquely as the following form i(α; β) = ( for some α = (α (1) ; . . . ; α (m) ), β = (β (1) ; . . . ; β (m) ) with (α; β) ∈ C (n; k|ℓ). Thus we may identify I + (n; k|ℓ) with C (n; k|ℓ) as above. For (α; β) ∈ C (n; k|ℓ), we define the following functioñ q (α;β) (x/y; q) = (−1) |β|−ℓ(β) q |α|−ℓ(α)+ℓ(β)−|β| (q−q −1 ) ℓ(α;β)−1 x α (−y) β .
Proof. Note that for µ ∈ P m,n , we have where the first and the second equality follows by applying Proposition 4.1 and Eq. (4.2) respectively, the third one follows by Proposition 4.5.
